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Abstract. The cross-sections for photo- and pion-induced production of baryon resonances and their partial
decay widths to the two-body and multi-body final states are calculated in the framework of the operator
expansion method. The approach is fully relativistic invariant, and it allows us to perform combined
analyses of different reactions imposing directly the analyticity and unitarity constraints. All formulae are
given explicitly in the form used by the Crystal Barrel Collaboration in the partial-wave analysis.

PACS. 13.75.-n Hadron-induced low- and intermediate-energy reactions and scattering (energy ≤ 10GeV)
– 25.43.+t Antiproton-induced reactions

1 Introduction

A detailed knowledge of the low-energy hadron masses and
their decays is vital to construct and test QCD-inspired
models for the nonperturbative regime. In recent years,
appreciable progress has been achieved in meson spec-
troscopy where new information was mostly obtained from
the analysis of reactions with three or more particles in the
final state. A prime example is the rich spectrum of new
resonances obtained in the p̄p annihilation at rest [1–7]
and in flight [8–11].

While in the meson sector the majority of states pre-
dicted by the quark models [12,13] has been observed as
well as some extra states with respect to the qq̄ clas-
sification, the situation in the baryon sector is dramat-
ically different. Here a number of quark models pre-
dicts [14–16] much richer spectrum than that observed
so far. In addition, certain models predict the existence of
states which are —from the quark model point of view—
exotic, like pentaquarks [17], heptaquarks [18], or nucleon-
meson bound states [19]. The lack of the predicted states
can be an indication of new phenomena such as forma-
tion of diquark states [20–22] or specific interaction of
colour particles at large distances [21,23] that lead to lin-
ear trajectories on (n,M2) (where n is the number of a
radial excitation) and (J,M 2) planes. However, the ex-
planation could be much simpler: the modern knowledge
of the baryon spectrum is based mostly on the analysis
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of pion-induced reactions on the single-meson production
(mostly data obtained from the elastic pion-nucleon scat-
tering) and it is quite possible that many states with weak
coupling to the πN channel escaped the detection.

Recently, a number of experiments on baryon spec-
troscopy has been initiated in several laboratories. A large
amount of new data is coming from photoproduction ex-
periments such as CLAS, CB-ELSA, GRAAL, Mainz-
TAPS, LEPS (see, e.g., [24–35]). The analysis of the new
photoproduction data and especially the data obtained
from reactions with multiparticle final states is therefore
one of the most urgent tasks in baryon spectroscopy.

The meson spectroscopy teaches us that the analysis
of reactions with multiparticle final states cannot be done
unambiguously without information about reactions with
the two-body final states. The best way to impose such
information is to perform a combined analysis of the set
of reactions. This issue is even more important in baryon
spectroscopy where often the polarization of initial or/and
final particles is not detected. Here, even in the analysis
of the two-body final states the combined analysis of the
data from different channels plays a vital role. Thus, the
development of a method which describes different reac-
tions on the same basis is a key point in the search for
new baryon states.

The method based on relativistic invariant operators
which are constructed directly from the 4-vectors of the
particles was put forward in a set of articles (see [36] and
reference therein). In the article [36], the operators for the
photoproduction and pion-induced reactions were intro-
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duced and the amplitude angular dependences were cal-
culated. The analysis of a large number of single-meson
photoproduction reactions performed in the framework
of this method [37,38] reveals a number of new baryon
states. Here, the resonances were parameterized as T -
matrix poles with mass, width and the product of initial
and final couplings as fitted parameters. However, such an
observation should be confirmed by the combined analysis
of the photoproduction and pion-induced reaction, with
two and many-particle final states. In this case, the cou-
plings of the baryon resonances to different channels can
be unambiguously defined, partial widths calculated and
checked for consistency.

In this article, we develop the approach of [36] provid-
ing explicit expressions for the calculation of cross-sections
for different reactions and partial widths of the states. The
obtained expressions can be directly used in the T - or K-
matrix combined analysis of the photo- and pion-induced
reactions.

The article is organized as follows. In sect. 2, we
provide general expressions for the calculation of cross-
sections and resonance widths in the framework of the op-
erator approach. In sect. 3, we discuss resonance widths
calculated with dispersion relations and give explicit ex-
pressions for the resonances decaying into spinless parti-
cles. The calculation of πN partial widths of baryon states
is given in sect. 4 and γN partial widths in sect. 5. The
three-particle partial widths and correspondent singulari-
ties are discussed in sect. 6.

2 Cross-section for transition amplitudes and

the widths of resonances

For the production of m particles with the 4-momenta qi
from two particles colliding with 4-momenta k1 and k2,
the cross-section is given by

dσ =
(2π)4|A|2
4|k|√s dΦm(P, q1 . . . qm), P = k1 + k2, (1)

where A is the transition amplitude, k is the 3-momentum
of the initial particle calculated in the centre-of-mass sys-
tem (c.m.s.) of the reaction, and s = P 2 = (k1+k2)

2. The
cross-section is calculated by averaging over polarizations
of initial-state particles and summing over polarization of
final-state particles. The invariant m-particle phase space
is given by

dΦm(P, q1 . . . qm) = δ4

(

P −
m
∑

i=1

qi

)

m
∏

i=1

d3qi
(2π)32q0i

. (2)

The amplitude for the transition from the initial state “in”
to the final state “out” via a resonance with the total spin
J , mass M and width Γtot has the form:

A =
ginQ

in
µ1...µn

Fµ1...µn
ν1...νn

Qout
ν1...νn

gout

M2 − s− iMΓtot
. (3)

Here n = J for mesons, and n = J − 1/2 for baryons,
gin and gout are initial- and final-state couplings, Qin and

Qout are operators which describe the production and de-
cay processes and F µ1...µn

ν1...νn
is the tensor part of the reso-

nance propagator.
The standard formula for the decay of a resonance into

m-particles is given by

MΓ =

∫

(2π)4

2
|Adec|2dΦm(P, q1 . . . qm) (4)

and, as in the case of the cross-section, one has to sum
over the polarizations of the final-state particles.

In the operator representation, the amplitude Adec has
the form

Adec = Ψ̄ (i)
µ1...µn

Qµ1...µn
g. (5)

where Ψ
(i)
µ1...µn is polarization tensor of the resonance (con-

ventionally, we call it the polarization wave function),
Qµ1...µn

is the operator of the transition of the resonance
into final state, and g is the corresponding coupling con-
stant. For example, if Q = Qout and g = gout, eq. (4)
provides the partial width for the resonance decay into
the final state and for Q = Qin and g = gin the partial
widths for its decay into the initial state.

The tensor part of the propagator is determined by the
polarization tensor as follows:

Fµ1...µn
ν1...νn

=
2J+1
∑

i=1

Ψ (i)
µ1...µn

Ψ̄ (i)
ν1...νn

, (6)

where the summation is performed over all possible polar-
izations of the resonance. We use the following normaliza-
tion for the polarization tensor:

Ψ̄ (i)
µ1...µn

Ψ (j)
µ1...µn

= (−1)nδij . (7)

With this choice of the sign, the tensor part of the prop-
agator differs from that introduced in [36] by a factor
(−1)n. However, the present definition is more convenient
to calculate the unitarity condition, and we keep it in fur-
ther calculations.

Multiplying the amplitude squared by Ψ
(i)
α1...αn Ψ̄

(i)
β1...βn

and summing over polarizations we obtain

Fα1...αn

β1...βn
MΓ =

∫

(2π)4

2
dΦm(P, q1 . . . qm) g2(s)

×
2J+1
∑

i=1

Ψ (i)
α1...αn

Ψ̄ (i)
µ1...µn

Qµ1...µn
⊗Qν1...νn

Ψ (i)
ν1...νn

Ψ̄
(i)
β1...βn

. (8)

Here, the expression Qµ1...µn
⊗ Qν1...νn

assumes summa-
tion over polarizations of the final particles. Due to or-
thogonality of the polarization tensors,
∫

Ψ̄ (i)
µ1...µn

Qµ1...µn
⊗Qν1...νn

Ψ (j)
ν1...νn

dΦm(P, q1 . . . qm)∼δij
(9)

the product of the polarization tensors can be substituted
by

Ψ (i)
ν1...νn

Ψ̄
(i)
β1...βn

→
2J+1
∑

j=1

Ψ (j)
ν1...νn

Ψ̄
(j)
β1...βn

= F ν1...νn

β1...βn
. (10)
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Finally, we obtain

Fα1...αn

β1...βn
MΓ =

∫

(2π)4

2
dΦm(P, q1 . . . qm) g2(s)

×Fα1...αn
µ1...µn

Qµ1...µn
⊗Qν1...νn

F ν1...νn

β1...βn
. (11)

This is the basic equation for the calculation of partial
widths of resonances. Another form of this equation can
be obtained after the convolution of both sides of eq. (11)
with the metric tensors gα1β1

. . . gαnβn
and taking into ac-

count the properties (6) and (7):

(2J+1)MΓ =

∫

(2π)4

2
dΦm(P, q1 . . . qm)g2(s)

×Qµ1...µn
⊗Qν1...νn

F ν1...νn
µ1...µn

. (12)

Then the cross-section for 2 → m particle transition can
be rewritten as

σ =

∫

(2π)4

4|k|√s dΦm(P, q1 . . . qm) g2
inQ

in
µ1...µn

×
Fµ1...µn
ν1...νn

Qout
ν1...νn

⊗Qout
α1...αn

Fα1...αn

β1...βn

(M2 − s)2 + (MΓtot)2
Qin
β1...βn

g2
out =

g2
in

2|k|√s
Qin
µ1...µn

Fµ1...µn

β1...βn
MΓoutQ

in
β1...βn

(M2 − s)2 + (MΓtot)2
. (13)

The two-body phase space of particles with masses m1

and m2 is equal to

(2π)4

2
dΦ2(P, k1, k2) = ρ(s,m1,m2)

dΩ

4π
, (14)

where the invariant form of the ρ-function is given by

ρ(s,m1,m2)=

√

(s−(m1+m2)2)(s−(m1−m2)2)

16πs
. (15)

This function can be also expressed through the momen-
tum of the particles in the c.m.s of the reaction:

ρ(s,m1,m2) =
1

16π

2|k|√
s
. (16)

Then, we can use eq. (12) to calculate the partial width for
decays into the initial-state particles. If they have spins s1

and s2, the cross-section is calculated by averaging over
their polarizations. After the summation over spin vari-
ables, one has for the partial width:

σ =
2J + 1

(2s1+1)(2s2+1)

4π

|k|2
M2ΓinΓout

(M2−s)2+(MΓtot)2
. (17)

It is the standard equation for the contribution of a reso-
nance with spin J to the cross-section.

3 The width of Breit-Wigner resonance

3.1 Rescattering of particles and Breit-Wigner states

The amplitude for the rescattering of two spinless particles
with total momentum P (s = P 2) via scalar resonance

A= + +...

a b

Fig. 1. Resonance rescattering diagrams.

with the bare massM0 (fig. 1) can be written as an infinite
sum:

A(s) =
g2(s)

M2
0 − s

+
g(s)

M2
0 − s

B(s)
g(s)

M2
0 − s

+ . . . , (18)

where the B(s) function corresponds to the loop in the
intermediate state. It can be calculated, for example, in
terms of the Feynman integral. However, for our purpose
it is convenient to use the dispersion relation technique
where the real part of the amplitude can be constructed
as a dispersion integral over the imaginary part. The imag-
inary part of the loop diagram is equal to

ImB(s) = g2(s)

∫

(2π)4

2
dΦ2(P, k1, k2), (19)

where ki andmi are the momenta and masses of the parti-
cles in the loop. Then, B(s) can be written as the integral

B(s) =

∞
∫

(m1+m2)2

ds′

π

ImB(s′)

s′ − s− i0 . (20)

In the considered spinless particle case, the amplitude cor-
responding to (18) can be easily calculated

A(s) =
g2(s)

M2
0 − s

1

1− B(s)
M2

0
−s

=
g2(s)

M2
0 − s−B(s)

. (21)

The real part of the B(s)-function has left-hand singular-
ities in the complex-s plane and is a smooth function in
the physical region. Therefore in the resonance region

ReB(s) ' ReB
(

M2
)

+ReB′
(

M2
)(

s−M2
)

, (22)

and the amplitude can be written as

A(s) =
g̃2(s)

M2 − s− iMΓ
, (23)

where

M2 =M2
0 − ReB

(

M2
)

,

MΓ = ImB
(

M2
)

/
(

1 + ReB′
(

M2
))

,

g̃2(s) = g2(s)/
(

1 + ReB′
(

M2
))

(24)

The first line of eq. (24) defines the position of the reso-
nance, the imaginary part of B(s) defines the width of the
state.



430 The European Physical Journal A

Now consider the general case. The amplitude which
describes the scattering via a resonance with total spin J
is given by

A(s) = ginQ
in
µ1...µn

Fµ1...µn
ν1...νn

M2
0 − s

Qout
ν1...νn

gout

+ ginQ
in
µ1...µn

Fµ1...µn
ν1...νn

M2
0 − s

B̃ν1...νn

ξ1...ξn

F ξ1...ξn

β1...βn

M2
0 − s

Qout
β1...βn

gout + . . .

(25)

Here, Fµ1...µn
ν1...νn

is the tensor part of the propagator, Qin,
Qout are vertex operators for the initial and final states
(n = J for boson and n = J−1/2 for fermion resonances).
We assume also that the vertex operators include the po-
larization tensors of the initial and final particles.

The imaginary part of the loop diagram for the inter-
mediate state with m-particles is given by

Im B̃ν1...νn

ξ1...ξn
=

∫

(2π)4

2
g2(s)dΦmQν1...νn

⊗Qξ1...ξn
,

dΦm ≡ dΦm(P, k1 . . . km). (26)

Here, g(s) and Q are the coupling and vertex operator,
respectively, for the decay of a resonance into the inter-
mediate state. As before, the definition Qν1...νn

⊗Qξ1...ξn

assumes summation over polarizations of the intermediate
particles. In the pure elastic case, the intermediate-state
operator is equal to Q = Qin = Qout but generally, the
B-function is equal to the sum of loop diagrams over all
possible decay modes.

Let us define the B(s)-function as follows:

Fµ1...µn

β1...βn
ImB(s) = Fµ1...µn

ν1...νn
Im B̃ν1...νn

ξ1...ξn
F ξ1...ξn

β1...βn
=

Fµ1...µn
ν1...νn

∫

(2π)4

2
g2(s)dΦmQν1...νn

⊗Qξ1...ξn
F ξ1...ξn

β1...βn
. (27)

Using this equation, one can convolute all tensor factors
into one structure, so one obtains:

A(s) = ginQ
in
µ1...µn

Fµ1...µn
ν1...νn

M2
0 − s

Qout
ν1...νn

gout

×
(

1 +
B(s)

M2
0 − s

+
B(s)

M2
0 − s

B(s)

M2
0 − s

+ . . .

)

=

ginQ
in
µ1...µn

Fµ1...µn
ν1...νn

M2
0 − s−B(s)

Qout
ν1...νn

gout . (28)

As before, the imaginary part of the B-function defines
the width of the state, and we obtain the standard Breit-
Wigner expression.

3.2 Decay of the resonance into two spinless particles

For the rescattering of two spinless particles the vertex is
defined by the orbital momentum operators only. These

operators satisfy the symmetry, orthogonality and trace-
less properties (see [39] for more detail):

X(L)
µ1...µi...µj ...µL

= X(L)
µ1...µj ...µi...µL

,

Pµi
X(L)
µ1...µi...µL

= 0,

gµiµj
X(L)
µ1...µi...µj ...µL

= 0, (29)

where L is the orbital momentum. The second property
means that the operators X are constructed from vectors
and tensors orthogonal to the total momentum. In the
case of the two-particle final state, only one vector of such
a type can be constructed:

k⊥µ =
1

2
g⊥µν(k1 − k2)ν , g⊥µν = gµν −

PµPν
s

, (30)

where k1 and k2 are the momenta of the constituents.
The orbital angular momentum operators for L ≤ 3

are

X(0) = 1, X(1)
µ = k⊥µ ,

X(2)
µ1µ2

=
3

2

(

k⊥µ1
k⊥µ2
− 1

3
k2
⊥g
⊥
µ1µ2

)

,

X(3)
µ1µ2µ3

=
5

2

[

k⊥µ1
k⊥µ2

k⊥µ3

− k2
⊥
5

(

g⊥µ1µ2
k⊥µ3

+ g⊥µ1µ3
k⊥µ2

+ g⊥µ2µ3
k⊥µ1

)

]

. (31)

The operators X
(L)
µ1...µL for L ≥ 1 can be written in the

form of the recurrency expression:

X(L)
µ1...µL

= k⊥αZ
α
µ1...µL

,

Zα
µ1...µL

=
2L− 1

L2

(

L
∑

i=1

X(L−1)
µ1...µi−1µi+1...µL

g⊥µiα

− 2

2L− 1

L
∑

i,j=1
i<j

g⊥µiµj
X(L−1)
µ1...µi−1µi+1...µj−1µj+1...µLα

)

. (32)

Other useful properties of the orbital momentum opera-
tors are listed in the appendix.

The projection operator Oµ1...µL
ν1...νL

is constructed from

the metric tensors g⊥µν and has the following properties:

X(L)
µ1...µL

Oµ1...µL
ν1...νL

= X(L)
ν1...νL

,

Oµ1...µL
α1...αL

Oα1...αL
ν1...νL

= Oµ1...µL
ν1...νL

. (33)

The projection operator projects any tensor with n in-
dices onto tensors which satisfy the properties (29). For
the lowest states,

O=1, Oµ
ν =g

⊥
µν ,

Oµ1µ2

ν1ν2
=

1

2

(

g⊥µ1ν1
g⊥µ2ν2

+g⊥µ1ν2
g⊥µ2ν1

− 2

3
g⊥µ1µ2

g⊥ν1ν2

)

. (34)
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For higher states, the operator can be calculated using the
recurrent expression:

Oµ1...µL
ν1...νL

=
1

L2

(

L
∑

i,j=1

g⊥µiνj
Oµ1...µi−1µi+1...µL
ν1...νj−1νj+1...νL

− 4

(2L− 1)(2L− 3)

×
L
∑

i<j
k<m

g⊥µiµj
g⊥νkνm

Oµ1...µi−1µi+1...µj−1µj+1...µL
ν1...νk−1νk+1...νm−1νm+1...νL

)

. (35)

The tensor part of the boson propagator is defined by the
projection operator. Let us write it as

Fµ1...µL
ν1...νL

= (−1)LOµ1...µL
ν1...νL

. (36)

This definition differs from the expression given in [36] by
the factor (−1)L. This choice simplifies the expressions for
amplitudes given in [36] where this factor was explicitly
included in all final expressions. Furthermore, this defini-
tion guarantees that the width of the resonance (when it
is calculated from the vertices) is a positive value.

The production of the two X-operators integrated over
solid angle (which is equivalent to the integration over in-
ternal momenta) depends on external momenta and the
metric tensor only. Therefore, it must be proportional
to the projection operator. After straightforward calcu-
lations, we obtain:

∫

dΩ

4π
X(L)
µ1...µL

(

k⊥
)

X(L)
ν1...νL

(

k⊥
)

=
αL k

2L
⊥

2L+ 1
Oµ1...µL
ν1...νL

, (37)

where

αL =

L
∏

l=1

2l − 1

l
. (38)

The width of the state is calculated by means of eq. (11)
using the properties (33):

MΓ = (−1)L αLg
2(s)

2L+ 1
k2L
⊥ ρ(s,m,m2), (39)

where ρ(s,m1,m2) is defined by eqs. (14), (15) and g(s)
is the coupling.

Let us introduce the positive value |k|2:

|k|2 = −k2
⊥ =

[

s− (m1 +m2)
2
][

s− (m1 −m2)
2
]

4s
. (40)

In the c.m.s. of the reaction, k corresponds to the momen-
tum of the particle. In other systems we use this definition
only in the sense of |k| ≡

√

−k2
⊥, and therefore it is a rel-

ativistic invariant positive value. Then we obtain

MΓ =
αLg

2(s)

2L+ 1
|k|2L ρ(s,m1,m2) (41)

as the width of the state. The amplitude for the rescat-
tering of constituents with the initial relative momentum

k and final relative momentum q is equal to

A(s)=g(s)X(L)
µ1...µL

(

k⊥
) (−1)LOµ1...µl

ν1...νL

M2 − s− iMΓ
X(L)
ν1...νL

(

q⊥
)

g(s)

=g(s)
αLPL(z)(|k||q|)L
M2 − s− iMΓ

g(s). (42)

Here PL(z) are Legendre polynomials and z is equal to

z =
k⊥q⊥

√

k2
⊥
√

q2⊥
. (43)

In the c.m.s. of the resonance, z is the cosine of the angle
between the momenta of initial-state and final-state par-
ticles. To obtain eq. (42), we used the following property
of the X-operators:

X(L)
µ1...µL

(k⊥)X(L)
µ1...µL

(q⊥)=αL

(

√

k2
⊥

√

q2⊥

)L

PL(z). (44)

The total cross-section for the elastic scattering is equal
to

σ =
(2π)4

4|k|√s

∫

g4(s)α2
LP

2
L(z)(|k||q|)2L

(M2 − s)2 + (MΓ )2
dΦ2(P, q1, q2)

=
4π

|k|2 (2L+ 1)
(MΓ )2

(M2 − s)2 + (MΓ )2
. (45)

4 Partial widths of the baryon resonances

4.1 The structure of the fermion propagator

The structure of the fermion propagator Pµ1...µn
ν1...νn

was con-
sidered in details in [36]. The propagator is defined as

Pµ1...µn
ν1...νn

=
Fµ1...µn
ν1...νn

M2 − s− iMΓ
, (46)

where

Fµ1...µn
ν1...νn

= (−1)n
√
s+ P̂

2
√
s

Oµ1...µn

ξ1...ξn
T ξ1...ξn

β1...βn
Oβ1...βn
ν1...νn

. (47)

Here, (
√
s + P̂ ) corresponds to the numerator of fermion

propagator describing the particle with J = 1/2 and n =
J − 1/2 (

√
s =M for the stable particle). We define

T ξ1...ξn

β1...βn
=

n+ 1

2n+ 1

(

gξ1β1
− n

n+ 1
σξ1β1

) n
∏

i=2

gξiβi
,

σαiαj
=

1

2
(γαi

γαj
− γαj

γαi
). (48)

As in [36], we introduced the factor 1/(2
√
s) in the prop-

agator which removes the divergency of this function
at large energies. For the stable particle it means that
bispinors are normalized as follows:

ū(kN )u(kN )=1,
∑

polarizations

u(kN )ū(kN )=
m+k̂N
2m

. (49)
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Here and below, k̂ ≡ γµkµ.
It is useful to list the properties of the fermion propa-

gator:

Pµi
Fµ1...µn
ν1...νn

= Pνj
Fµ1...µn
ν1...νn

= 0,

γµi
Fµ1...µn
ν1...νn

= Fµ1...µn
ν1...νn

γνj
= 0,

Fµ1...µn
α1...αn

Fα1...αn
ν1...νn

= (−1)nFµ1...µn
ν1...νn

,

P̂Fµ1...µn
ν1...νn

=
√
sFµ1...µn

ν1...νn
. (50)

4.2 πN partial widths of baryon resonances

The operators which describe the decay of a baryon into
the πN system were introduced in [36]. The states with
J = L+1/2, where L is the orbital momentum of the πN
system, are called “+” states (1/2−, 3/2+, 5/2−, . . .). The
states with J = L−1/2 are called “−” states (1/2+, 3/2−,
5/2+, . . .). The correspondent vertices are (n = J − 1/2):

N+
µ1...µn

(

k⊥
)

u(kN ) = X(n)
µ1...µn

(

k⊥
)

u(kN ),

N−µ1...µn

(

k⊥
)

u(kN ) = iγ5γνX
(n+1)
νµ1...µn

(

k⊥
)

u(kN ). (51)

Here, u(kN ) is the bispinor of the final-state nucleon.
The width is defined by eq. (11) which, for the case of

πN scattering, has the form

Fµ1...µn
ν1...νn

MΓ±πN = Fµ1...µn

ξ1...ξn

∫

dΩ

4π
Ñ±ξ1...ξn

× k̂N +mN

2mN
N±β1...βn

ρ(s,mπ,mN )g2(s)F β1...βn
ν1...νn

. (52)

Here, we use Ñ to define the vertex which is different from
N by the order of gamma matrices.

The momentum of the nucleon can be decomposed in
the total momentum P and momentum k⊥ as

kNµ =
kN0√
s
Pµ + k⊥µ , kN0 =

s+m2
N −m2

π

2
√
s

, (53)

where

k⊥µ =
1

2
(kN − kπ)µ −

m2
N −m2

π

2s
Pµ. (54)

For “+” states the calculation can be easily performed
using eq. (37), the last property from eqs. (50) and the
condition that the integral over the odd number of k⊥µ
vectors vanishes. Then,

MΓ+
πN =

αn
2n+ 1

|k|2nmN+kN0

2mN
ρ(s,mπ,mN )g2(s). (55)

For the “−” states the calculations are more complicated.
Using the formulae given in the appendix, one obtains
finally

MΓ−πN =
αn+1

n+1
|k|2n+2mN+kN0

2mN
ρ(s,mπ,mN )g2(s). (56)

The definition of the propagator in the form (47) pro-
vides a positive magnitude of the resonance widths and

correct position of the poles of the scattering amplitude.
Let us write with this definition the expression for the
scattering amplitude. The partial amplitude for the πN
scattering from the initial state with relative momentum
k⊥ into the final state with momentum q⊥ is defined by

AπN =
∑

n

A+
nBW

+
n (s) +A−nBW

−
n (s),

A±n = ū(k1)Ñ
±
µ1...µn

(

k⊥
)

Fµ1...µn
ν1...νn

N±ν1...νn

(

q⊥
)

u(q1). (57)

Here, BW±
n (s) is the energy-dependent part of the ampli-

tude.
In the c.m.s. of the reaction (see [36] for more detail),

this amplitude can be rewritten as

AπN = ω∗ [G(s, t) +H(s, t)i(σn)]ω′,

G(s, t) =
∑

L

[

(L+1)F+
L (s)− LF−L (s)

]

PL(z),

H(s, t) =
∑

L

[

F+
L (s) + F−L (s)

]

P ′L(z), (58)

where ω and ω′ are nonrelativistic spinors and n is a unit
vector normal to the decay plane. The F -functions are
defined as follows:

F+
L = (|k||q|)L√χiχf

αL
2L+1

BW+
L (s),

F−L = (|k||q|)L√χiχf
αL
L
BW−

L (s),

χi = mN + kN0 , χf = mN + qN0 , (59)

where L = n stands for “+” states and L = n+1 for “−”
states.

5 The γN widths and helicity amplitudes

The decay of the state with J = n + 1/2 into γN is de-
scribed by the amplitude

Ψ̄α1...αn
V (i±)µ
α1...αn

(

k⊥
)

u(kN )εµ ,

where kN is the momentum of the nucleon and k⊥ is the
component of the relative momentum between nucleon
and photon which is orthogonal to the total momentum
of the system P (s = P 2):

k⊥µ =
1

2
(kN − kγ)νg⊥µν , g⊥µν = gµν −

PµPν
s

,

|k|2 = −k2
⊥ =

(s−mN )2

4s
. (60)

5.1 The “+” states

For the states with n ≥ 1, three vertices can be con-
structed of the spin and orbital momentum operators. For
“+” states the vertices are

V (1+)µ
α1...αn

(

k⊥
)

= γ⊥µ iγ5X
(n)
α1...αn

(

k⊥
)

,

V (2+)µ
α1...αn

(

k⊥
)

= γνiγ5X
(n+2)
µνα1...αn

(

k⊥
)

,

V (3+)µ
α1...αn

(

k⊥
)

= γνiγ5X
(n)
να1...αn−1

(

k⊥
)

g⊥µαn
. (61)
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The first vertex is constructed using the spin-1/2 operator
and L = n orbital momentum operator, the second one
has S = 3/2, L = n + 2 and the third one S = 3/2 and
L = n. In case of photoproduction, the second vertex is
reduced to the third one and only two amplitudes (one for
J = 1/2) are independent. The width factor W (i,j+)for
the transition between vertices is expressed as follows:

Fµ1...µn
ν1...νn

W+
i,j = Fµ1...µn

α1...αn

∫

dΩ

4π
Ṽ (i+)µ
α1...αn

(

k⊥
)

× mN + k̂N
2mN

V
(j+)ν
β1...βn

(

k⊥
)(

− g⊥⊥µν
)

ρ(s)F β1...βn
ν1...νn

, (62)

where ρ(s) ≡ ρ(s,mN ,mγ), (−g⊥⊥µν ) describes the struc-
ture of the photon propagator

−g⊥⊥µν = −gµν +
PµPν
P 2

+
k⊥µ k

⊥
ν

k2
⊥

, (63)

and the operator Ṽ differs from the operator V by the
ordering of γ-matrices. The width factors W (i,j+) for the
first and third vertices are equal to

W+
1,1 =

2αn
2n+ 1

|k|2nmN + kN0

2mN
ρ(s),

W+
3,3 =

αn(n+ 1)

(2n+ 1)n
|k|2nmN+kN0

2mN
ρ(s),

W+
1,3 =

αn
2n+ 1

|k|2nmN + kN0

2mN
ρ(s), (64)

where αn is defined by (38).
If a state with total spin J = n+ 1/2 decays into γN

having intrinsic spins 1/2 and 3/2 with couplings g1 and
g3, the corresponding decay amplitude can be written as

Aµ(+)
α1...αn

= V (1+)µ
α1...αn

g1(s) + V (3+)µ
α1...αn

g3(s). (65)

Then, the γN width is equal to

MΓ+
γN =W+

1,1 g
2
1(s)+2W+

1,3 g1(s)g3(s)+W
+
3,3 g

2
3(s). (66)

The helicity 1/2 amplitude has an operator proportional

to the spin-1/2 operator V
(1+)µ
α1...αn . The helicity 3/2 operator

can be constructed as a linear combination of the spin 3/2

and 1/2 operators, orthogonal to the V
(1+)µ
α1...αn :

Aµ(+)
α1...αn

= Ah=3/2
µ;α1...αn

−Ah=1/2
µ;α1...αn

,

Ah=1/2
µ;α1...αn

= −V (1+)µ
α1...αn

(

g1(s) +
1

2
g3(s)

)

,

Ah=3/2
µ;α1...αn

=

(

V (3+)µ
α1...αn

− 1

2
V (1+)µ
α1...αn

)

g3(s), (67)

where the sign “−” for the helicity 1/2 amplitude was in-
troduced in accordance with the standard multipole defi-
nition. The width defined by the helicity amplitudes can
be calculated using eq. (64):

MΓ
1
2 = ρ(s)W+

1,1

(

g1(s) +
1

2
g3(s)

)2

,

MΓ
3
2 = ρ(s)

(

W+
3,3 −

1

2
W+

1,3

)

g2
3(s). (68)

Taking into account the standard definition of the γN
width via helicity amplitudes,

MΓtot=MΓ
3
2+MΓ

1
2 =

k2

π

2mN

2J+1

(

∣

∣

∣
A

1
2
n

∣

∣

∣

2

+
∣

∣

∣
A

3
2
n

∣

∣

∣

2
)

, (69)

we obtain

∣

∣

∣
A

1
2
n

∣

∣

∣

2

=
αn(n+1)

2n+1
ρ(s)π|k|2n−2 χ

m2
N

(

g1(s)+
1

2
g3(s)

)2

,

∣

∣

∣
A

3
2
n

∣

∣

∣

2

=αnρ(s)π|k|2n−2 χ

m2
N

(n+2)(n+1)

4n(2n+1)
g2
3(s), (70)

where χ = mN + kN0.
In the case of resonance production, the vertex func-

tions are usually normalized with certain form factors, e.g.
the Blatt-Weisskopf form factors (the explicit form can be
found in [36]). These form factors depend on the orbital
angular momentum and radius r and regularize the be-
haviour of the amplitude at large energies. For the “+”
states the orbital momentum for both spin 1/2 and 3/2
operators are equal to L = J − 1/2 = n. Then, rewriting

g1(s) =
g1/2

F (n, |k|2, r) , g3(s) =
g3/2

F (n, |k|2, r) , (71)

and, using eq. (70), the ratio of helicity amplitudes given
in [36] is reproduced.

5.2 The “−” states

For the decay of a “−” state with total spin J into γN ,
the vertex functions have the form:

V (1−)µ
α1...αn

(

k⊥
)

= γξγ
⊥
µX

(n+1)
ξα1...αn

(

k⊥
)

,

V (2−)µ
α1...αn

(

k⊥
)

= X(n+1)
µα1...αn

(

k⊥
)

,

V (3−)µ
α1...αn

(

k⊥
)

= X(n−1)
α2...αn

(

k⊥
)

g⊥α1µ. (72)

These vertices are constructed of the spin and orbital mo-
mentum operators with (S = 1/2, L = n + 1), (S = 3/2,
L = n + 1) and (S = 3/2 and L = n − 1). As in case of
“+” states, the second vertex provides us the same angu-
lar distribution as the third vertex. For the first and third
vertices, the width factors W−

i,j are equal to

W−
1,1 =

2αn+1

n+ 1
|k|2n+2mN + kN0

2mN
ρ(s),

W−
3,3 =

αn−1(n+ 1)

(2n+ 1)(2n− 1)
|k|2n−2mN + kN0

2mN
ρ(s),

W−
1,3 =

αn−1

n+ 1
|k|2nmN + kN0

2mN
ρ(s), (73)

where ρ(s) ≡ ρ(s,mN ,mγ).
The decay amplitude is defined by the sum of two ver-

tices as follows:

Aµ(−)
α1...αn

= V (1−)µ
α1...αn

g1(s) + V (3−)µ
α1...αn

g3(s), (74)
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and the γN width of the state is calculated as a sum over
possible transitions:

MΓ−γN =W−
1,1 g

2
1(s)+2W−

1,3 g1(s)g3(s)+W
−
3,3 g

2
3(s). (75)

The helicity 1/2 amplitude has the operator proportional

to the spin-1/2 operator V
(1+)µ
α1...αn . The helicity 3/2 operator

can be constructed as a linear combination of the spin 3/2

and 1/2 operators orthogonal to the V
(1+)µ
α1...αn :

Aµ(−)
α1...αn

= Ah=1/2
µ;α1...αn

−Ah=3/2
µ;α1...αn

,

Ah=1/2
µ;α1...αn

= V (1−)µ
α1...αn

(

g1(s)−Rg3(s)
)

,

Ah=3/2
µ;α1...αn

= −
(

V (3−)µ
α1...αn

+RV (1−)µ
α1...αn

)

g3(s), (76)

where the factor R is given by

R = − 1

2k2

αn−1

αn+1
= − 1

2k2

n(n+ 1)

(2n− 1)(2n+ 1)
. (77)

Here again, the signs for the helicity 1/2 amplitudes
are taken to correspond to the multipole definition. The
widths defined by the helicity amplitudes are equal to

MΓ
1
2 = ρ(s)W−

1,1

(

g1(s)−Rg3(s)
)2

,

MΓ
3
2 = ρ(s)

(

W−
3,3 +RW−

1,3

)

g2
3(s), (78)

and therefore

∣

∣

∣
A

1
2
n

∣

∣

∣

2

= αn+1ρ(s)
πχ

m2
N

|k|2n
(

g1(s)−Rg3(s)
)2

,

∣

∣

∣
A

3
2
n

∣

∣

∣

2

= αn−1
(n+ 1)(n+ 2)

4(4n2 − 1)
ρ(s)

πχ

m2
N

|k|2n−4g2
3(s), (79)

with χ = mN + kN0.
The vertices with couplings g1(s) and g3(s) are formed

by different orbital momenta. For the state with total spin
J (n = J − 1/2), the orbital momentum is equal to L =
n + 1 for the first decay (s = 1/2) and L = n − 1 for
the second one (s = 3/2). Using the Blatt-Weisskopf form
factors for the normalization, we obtain

g1(s)=
g1/2

F (n+1, |k|2, r) , g3(s)=
g3/2

F (n−1, |k|2, r) . (80)

5.3 Single-meson photoproduction

The general structure of the single-meson photoproduc-
tion amplitude in the c.m.s. of the reaction is given by

Jµ= iF1σµ+F2(σq)
εµijσikj
|k||q| +iF3

(σk)

|k||q|qµ+iF4
(σq)

q2
qµ ,

A = ω∗Jµεµω
′, (81)

where q is the momentum of the nucleon in the πN chan-
nel and k the momentum of the nucleon in the γN channel

calculated in the c.m.s. of the reaction. The σi are Pauli
matrices.

The functions Fi have the following angular depen-
dence:

F1(z) =

∞
∑

L=0

[

LM+
L + E+

L

]

P ′L+1(z)

+
[

(L+ 1)M−
L + E−L

]

P ′L−1(z),

F2(z) =

∞
∑

L=1

[

(L+ 1)M+
L + LM−

L

]

P ′L(z),

F3(z) =

∞
∑

L=1

[

E+
L −M+

L

]

P ′′L+1(z) +
[

E−L +M−
L

]

P ′′L−1(z),

F4(z) =
∞
∑

L=2

[

M+
L − E+

L −M−
L − E−L

]

P ′′L(z). (82)

Here L corresponds to the orbital angular momentum in
the πN system, PL(z), P

′
L(z), P

′′
L(z) are Legendre poly-

nomials and their derivatives, z = (kq)/(|k||q|), and E±L
and M±

L are electric and magnetic multipoles describing
transitions to states with J = L± 1/2.

The single-meson production amplitude via the inter-
mediate resonance with J = n+1/2 (we take pion photo-
production as an example) has the general form:

Ai± = gπN (s)ū(qN )Ñ±α1...αn

(

q⊥
)

×
Fα1...αn

β1...βn

M2 − s− iMΓtot
V

(i±)µ
β1...βn

(

k⊥
)

u(kN )gi(s)εµ. (83)

Here, qN and kN are the momenta of the nucleon in the
πN and γN channel and q⊥ and k⊥ are the components
of relative momenta which are orthogonal to the total mo-
mentum of the resonance. The index i lists the γN vertices
given in (61), (72).

The multipole decomposition of the amplitude is given
in detail in [36]. Below we give the final expressions for

E±L = E
±( 1

2
)

L + E
±( 3

2
)

L M±
L =M

±( 1
2
)

L +M
±( 3

2
)

L . (84)

For the “+” states (where L = n):

E
+( 1

2
)

L =

√
χiχf αL

(2L+1)(L+1)

gπN (s)(|k||q|)L g1(s)
M2 − s− iMΓtot

,

M
+( 1

2
)

L = E
+( 1

2
)

L ,

E
+( 3

2
)

L =

√
χiχf αL

(2L+1)(L+1)

gπN (s)(|k||q|)L g3(s)
M2 − s− iMΓtot

,

M
+( 3

2
)

L = −E
+( 3

2
)

L

L
. (85)

Remember that χi = mN + qN0 and χf = mN + kN0.
For the “−” states, where L = n + 1, the corresponding
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equations are

E
−( 1

2
)

L = −√χiχf
αL
L2

gπN (|k||q|)Lg1(s)
M2 − s− iMΓtot

,

M
−( 1

2
)

L = −E−( 1
2
)

L ,

E
−( 3

2
)

L = − αL−2

(L−1)L
√
χiχf

gπN |k|L−2|q|Lg3(s)
M2 − s− iMΓtot

,

M
−( 3

2
)

L = 0. (86)

These formulae are different from the correspondent ex-
pressions given in [36] by the factor (−1)n which en-
ters now in the resonance propagator. All other formulae
given in [36] for the single-meson photoproduction are not
changed due to this redefinition.

6 Three-body partial widths of the baryon

resonances

6.1 Three-body final states

The total width of the state is calculated by averaging over
polarizations of the resonance and summing over polariza-
tions of the final-state particles. For the three-particle final
state, the amplitude squared depends on three invariants,
total momentum squared and two intermediate momenta
squared sij = (qi + qj)

2. After performing the integration
over other variables we obtain

(2π)4

2
dΦ3(P, q1, q2, q3) =

∫

1

32s(2π)3
ds12ds23. (87)

The integration limits for s12 are (m1 +m2)
2 and (

√
s −

m3)
2. For a given value of s12, the limits for s23 are defined

as follows:

s±23 = (E2 + E3)
2 −

(

√

E2
2 −m2

2 ±
√

E2
3 −m2

3

)2

,

E2 =
s12 −m2

1 +m2
2

2
√
s12

, E3 =
s− s12 −m2

3

2
√
s12

. (88)

The three-body phase space can also be written as a prod-
uct of the two two-body phase spaces, e.g. the phase space
of particles 1,2 and the phase space of the (1,2) system and
the third particle:

(2π)4

2
dΦ(P, q1, q2, q3) =

(2π)4

2
dΦ(q1 + q2, q1, q2)

× (2π)4

2
dΦ(P, q1 + q2, q3)

ds12
π

. (89)

This expression is very useful for the cascade decays when
a resonance is accompanied by a “spectator” particle and
then decays into two particles. Let us write the explicit
form of the expression Q⊗Q for the width of baryon with
spin J (n = J − 1/2) which decays into a nucleon with
momentum q3 ≡ qN and a meson resonance which decays
subsequently into two mesons with momenta q1 and q2 (we

1
q

2
q

N
q

m
β...

1
βX

m
β...

1
β

mα...1α
f

nν...1ν
mα...1αP

Fig. 2. Resonance decay into a nucleon and two meson states.

denote them as π and η). If the spin of the intermediate
resonance is J12 (J12 = m), its decay into two pseudoscalar
mesons is described by the orbital momentum X (m), and
therefore

Qµ1...µn
⊗Qν1...νn

= P̃α1...αm
µ1...µn

mN + q̂N
2mN

×
fα1...αm

β1...βm
g(s12)

M2
R − s12 − iMRΓR

tot

X
(m)
β1...βm

(

q⊥12
)

X
(m)
ξ1...ξm

(

q⊥12
)

×
g(s12)f

ξ1...ξm
η1...ηm

M2
R − s12 + iMRΓR

tot

P ν1...νm
η1...ηn

. (90)

Here we denote the mass and the total width of the inter-
mediate state as MR and ΓR

tot, respectively, and its prop-
agator as fα1...αm

β1...βm
(see fig. 2). The g(s12) is the coupling

of the intermediate resonance to the final-state mesons;
the operator P describes the decay of the initial state into
the resonance R and the spectator nucleon. The opera-
tor P̃ differs from the operator P by the permutation of
γ-matrices. q⊥12 is the relative momentum of the mesons:

g̃⊥µν = gµν −
kµkν
s12

, k = q1 + q2 ,

q⊥12µ =
1

2
(q1 − q2)ν g̃⊥µν . (91)

Using the basic equation (11) for the width

fα1...αm
η1...ηm

MRΓ
R
πη =

∫

(2π)4

2
dΦ(k, q1, q2)f

α1...αm

β1...βm

× g(s12)Xβ1...βm

(

q⊥12
)

Xξ1...ξm

(

q⊥12
)

g(s12)f
ξ1...ξm
η1...ηm

, (92)

we obtain the final expression for the width of the initial
resonance

Fα1...αn

β1...βn
MΓ =Fα1...αn

µ1...µn

∫

ds12
π

(2π)4

2
dΦ(P, k, q3)

× g2(s)P̃ ξ1...ξm
µ1...µn

fξ1...ξm
η1...ηm

MRΓ
R
πη

(M2
R−s)2+(MRΓR

tot)
2
P η1...ηm
ν1...νn

.F ν1...νn

β1...βn
.

(93)

In the limit of zero width of the intermediate state we
have
∫

ds12
π

MRΓ
R
tot

(M2
R−s12)2+(MRΓR

tot)
2
=

∫

ds12 δ(M
2
R−s12) (94)
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and eq. (93) is reduced to the two-body equation multi-
plied by the branching ratio of the decay of the interme-
diate state, Brπη = ΓR

πη/Γ
R
tot.

Let us note that provided a resonance has many decay
modes (or the mode can be in different kinematical chan-
nels), the decay amplitude can be written as a vector with
components corresponding to these decay modes. In this
case, eq. (93) gives us diagonal transition elements only. To
obtain nondiagonal elements between different kinemati-
cal channels, it is necessary to use a general expression for
the phase volume (87).

6.2 f0N partial widths of the baryon resonances

Let us start with the calculation of the f0N loop diagram,
where f0 denotes a scalar resonance which decays into two
pseudoscalar mesons with momenta q1 and q2 (see fig. 3).
The width of the scalar state is defined by

MRΓ
R
ππ = g2

ππ(s12)ρ(s12,m1,m2). (95)

Here, gππ is the coupling of the resonance into two pseu-
doscalar mesons. For the sake of simplicity, we denote
them as pions but use different masses m1 and m2. Thus,
the final expressions can be directly used for the decay of
any scalar state into two pseudoscalar particles.

The decay of the baryon state into a scalar meson and
a nucleon is described by the same vertices as the decay
of a baryon into πN . The only difference is that due to
the positive parity of the scalar meson, the decay of “+”
baryons will be defined by N−µ1...µn

operators and the de-

cay of the “−” baryons by the N+
µ1...µn

operators:

P (+)
µ1...µn

= N−µ1...µn
,

P (−)
µ1...µn

= N+
µ1...µn

. (96)

Thus, we can use the results given in eqs. (55), (56) to
obtain

MΓ±f0N =

(
√
s−m3)

2

∫

(m1+m2)2

ds12
π

ρ(s,
√
s12,mN )W±MRΓ

R
ππ

(M2
R−s)2+(MRΓR

tot)
2

, (97)
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Fig. 3. πN∗(π∆) and f0N loop diagrams.

where

W (+) =
αn+1

n+ 1
|qN |2n+2 mN + qN0

2mN
g2
f0N (s),

W (−) =
αn

2n+ 1
|qN |2n

mN + qN0

2mN
g2
f0N (s), (98)

and

qN0 =
s+m2

N − s12
2
√
s

, |qN |2 = q2N0 −m2
N . (99)

6.3 Vector-meson–N partial widths of baryon
resonances

The decay vertex of the vector particle into two pseu-

doscalar particles is defined by the operator X
(1)
µ , and the

width is equal to

MRΓ
R
ππ = g2

ππ(s12)
|qπ|2
3

ρ(s12,m1,m2) ,

|qπ|2 =

(

s12 − (m1 +m2)
2
)(

s12 − (m1 −m2)
2
)

4s12
. (100)

Here, gππ is the coupling of the vector meson into two
pseudoscalar mesons with masses m1 and m2.

The decay of the baryon into a vector meson and a
nucleon is described by the same vertices as the decay of
baryons into γN . In this case, all three vertices are inde-
pendent and the width is formed by all possible transitions
between vertices:

MΓ±ρN =

(
√
s−mN )2
∫

(m1+m2)2

ds12
π

ρ(s,
√
s12,mN )W±MRΓ

R
ππ

(M2
R − s)2 + (MRΓR

tot)
2

,

W± =

3
∑

i,j=1

W±
i,jgi(s)g

∗
j (s), (101)

where we assume that couplings can be complex magni-
tudes and the W±

i,j-functions are defined as follows:

Fα1...αn

β1...βn
W±

i,j = Fα1...αn
µ1...µn

∫

dΩ

4π
Ṽ (i±)ξ
µ1...µn

mN + q̂N
2mN

×
(

kξkη
s12
− gξη

)

V (i±)η
ν1...νn

F ν1...νn

β1...βn
. (102)

The vertex functions V (i±) are given by eqs. (61), (72)
and k = q1 + q2.
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For the “+” states the W -functions are given by

W+
1,1 =

αn
2n+ 1

|qN |2n
mN + qN0

2mN

(

3 +
|qN |2
s12

)

,

W+
1,2 = − αn

n+ 1

|qN |2n+4

s12

mN + qN0

2mN
,

W+
1,3 =

αn
2n+ 1

|qN |2n
mN + qN0

2mN

(

2 +
|qN |2
s12

)

,

W+
2,2 =

αn+1|qN |2n+4

n+ 1

mN + qN0

2mN

(

2n+ 3

n+ 2
+
|qN |2
s12

)

,

W+
2,3 = − αn+1

2n+ 1

|qN |2n+4

s12

mN + qN0

2mN
,

W+
3,3 =

αn|qN |2n
n

mN + qN0

2mN

(

1 +
n|qN |2

(2n+ 1)s12

)

, (103)

and the “−” states by

W−
1,1=

αn+1

n+1
|qN |2n+2mN+qN0

2mN

(

3 +
|qN |2
s12

)

,

W−
1,2=

|qN |2n+2

n+1

mN+qN0

2mN

(

αn+1 + αn
|qN |2
s12

)

,

W−
1,3=−

αn−1

n+1

|qN |2n+2

s12

mN+qN0

2mN
,

W−
2,2=

|qN |2n+2

2n+1

mN+qN0

2mN

(

αn+1 + αn
|qN |2
s12

)

,

W−
2,3=−

αn−1

2n+1

|qN |2n+2

s12

mN+qN0

2mN
,

W−
3,3=

αn−1|qN |2n−2

2n−1
mN+qN0

2mN

(

1+
n|qN |2

(2n+1)s12

)

. (104)

The qN0 and |qN | are defined by eq. (99).

6.4 The πP11 and πS11 partial widths of baryon
resonances

Let us calculate the partial width of the baryon resonance
decaying into the pseudoscalar meson and the P11 state
(e.g., the Roper resonance) which in turn decays into pseu-
doscalar meson and nucleon with the momenta q2 and
q3 ≡ qN (see fig. 3). The partial width of the P11 state is
defined by eq. (56) at n = 0. Therefore,

MΓ±=

(
√
s−m1)

2

∫

(m2+m3)2

ds23
π

ρ(s,
√
s23,mN )W±MRΓ

R
πN

(M2
R−s23)2+(MRΓR

tot)
2

, (105)

where

MRΓ
R
πN = |qN |2

mN + qN0

2mN
ρ(s23,m2,mN )g2

πN (s23),

qN0 =
s23 +m2

N −m2
2

2
√
s23

, |qN |2 = q2N0 −m2
N , (106)

and W± are defined by eqs. (55), (56). The mass and
momentum of the nucleon should be substituted by the
running mass

√
s23 and momentum of the P11 state k:

W+ =
αn

2n+ 1
|k|2n k0 +

√
s23

2
√
s23

g2(s),

W− =
αn+1

n+ 1
|k|2n+2 k0 +

√
s23

2
√
s23

g2(s), (107)

with

k0 =
s+ s23 −m1

2
√
s

, |k|2 = k2
0 − s23 . (108)

The partial width of the S11 state into πN is defined by
eq. (55) with n = 0:

MRΓ
R
πN =

mN+qN0

2mN
ρ(s23,m2,mN )g2

πN (s23). (109)

The baryon decay into πS11 differs from the decay into
πP11 by P -parity and can be calculated by substituting
N± operators by N∓ operators. Thus,

W+ =
αn+1

n+ 1
|k|2n+2 k0 +

√
s23

2
√
s23

g2(s),

W− =
αn

2n+ 1
|k|2n k0 +

√
s23

2
√
s23

g2(s). (110)

6.5 The π∆(3/2+) partial widths of the baryon
resonances

The baryon partial width into ∆π, where the ∆-resonance
is produced in the channel 23, can be written as follows:

MΓ±=

(
√
s−m1)

2

∫

(m2+m3)2

ds23
π

ρ(s,
√
s23,mN )W±MRΓ

R
πN

(M2
R−s23)2+(MRΓR

tot)
2

. (111)

The partial width of the 3
2

+
state is defined by eq. (55)

with n = 1:

MRΓ
R
πN =

|qN |2
3

mN + qN0

2mN
ρ(s23,m2,m3)g

2
πN (s23),

qN0 =
s23 +m2

N −m2
2

2
√
s23

, |qN |2 = q2N0 −m2
N . (112)

The decay of baryons with total spin J ≥ 3/2 into
a pseudoscalar meson and a baryon with spin 3/2 has
two vertices which are defined by different combinations of
spins in the intermediate state and the orbital momentum
between this state and a spectator particle. The decay of
“+” states is now described by the following operators:

P (1+)µ
α1...αn

Ψµ = iγ5γνX
(n+2)
µνα1...αn

Ψµ ,

P (2+)µ
α1...αn

Ψµ = iγ5γνX
(n)
να2...αn

g⊥α1µΨµ . (113)
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Fig. 4. Index definition in the π∆ loop diagram.

The operators for the decay of the “−” states are given
by

P (1−)µ
α1...αn

Ψµ = X(n+1)
µα1...αn

Ψµ ,

P (2−)µ
α1...αn

Ψµ = X(n−1)
α2...αn

g⊥α1µΨµ . (114)

The W±-functions are defined by the squared sum of the
decay amplitudes

W± =

2
∑

i,j=1

W±
i,jgi(s)g

∗
j (s), (115)

where W±
i,j are defined as follows (see fig. 4 for the index

definition):

Fα1...αn

β1...βn
W±

i,j = Fα1...αn
µ1...µn

∫

dΩ

4π
P̃ (i±)ξ
µ1...µn

×
(

γ⊥ξ γ
⊥
η

3
− g̃⊥ξη

) √
s23 + k̂

2
√
s23

P (i±)η
ν1...νn

F ν1...νn

β1...βn
. (116)

Here, k = q2+ q3, and the metric tensor orthogonal to the
momentum of ∆ is equal to

g̃⊥ξη = gξη −
kξkη
s23

, γ⊥µ = γν g̃
⊥
µν . (117)

It is useful to extract from the numerator of the ∆ prop-
agator the nonorthogonal part

γξγη
3
− gξη . (118)

Then, the equation for W±
i,j can be rewritten as follows:

W±
i,j = Z

(1±)
i,j +

|k|2
3s23

Z
(2±)
i,j ,

k0 =
s+ s23 −m1

2
√
s

, |k|2 = k2
0 − s23, (119)

where Z
(1)
i,j is defined as a contribution from (118), and

the rest is the difference between a full expression and
eq. (118). The second part should be proportional to the
momentum of ∆ which we extracted in explicit form. In
the decay of the baryon with the mass not far from the
∆π threshold the contribution of this part should be much
smaller than the contribution of the nonorthogonal part.

After some cumbersome calculations (an example is
given in the appendix), we obtain for the “+” states

Z
(1+)
1,1 = |k|2(n+2) αn+2

n+ 1

√
s23 + k0

2
√
s23

,

Z
(2+)
1,1 = |k|2(n+2) αn+1

n+ 1

2
√
s23 + k0√
s23

,

Z
(1+)
2,2 = |k|2nαn(2n+ 3)

3n(2n+ 1)

√
s23 + k0

2
√
s23

,

Z
(2+)
2,2 = |k|2n αn

2n+ 1

k0√
s23

,

Z
(1+)
1,2 = 0 ,

Z
(2+)
1,2 = −|k|2(n+1) αn+1

2n+ 1

√
s23 + k0√
s23

, (120)

and for the “−” states

Z
(1−)
1,1 = |k|2(n+1) αn+1(n+ 2)

3(n+ 1)(2n+ 1)

√
s23 + k0

2
√
s23

,

Z
(2−)
1,1 = |k|2(n+1) αn

2n+ 1

√
s23 + k0(n+ 1)√
s23(n+ 1)

,

Z
(1−)
2,2 = |k|2(n−1) αn−1

2n− 1

√
s23 + k0

2
√
s23

,

Z
(2−)
2,2 = |k|2(n−1) αn−1n

(2n− 1)(2n+ 1)

2
√
s23 + k0√
s23

,

Z
(1−)
1,2 = 0 ,

Z
(2−)
1,2 = −|k|2n αn−1

2n+1

(√
s23 + k0√
s23

+
1

2(n+1)

)

. (121)

6.6 The π3/2− partial widths of baryon resonances

In the same way, one can calculate partial widths for the
resonance decay into π3/2− states (πD13 or πD33). The

partial width of the 3
2

−
state (which belongs to the “−”

states) is defined by eq. (56) with n = 1:

MRΓ
R
πN =

3|qN |4
4

mN+qN0

2mN
ρ(s23,m2,m3)g

2
πN (s23).

(122)
The decay of the initial-state baryon into π 3/2− differs
from the π3/2+ decay by the P -parity requiring the sub-
stitution of W± by W∓:

W+
i,j(π 3/2

−) =W−
i,j(π 3/2

+),

W−
i,j(π 3/2

−) =W+
i,j(π 3/2

+). (123)

6.7 Singularities in the cascade decay

One of the most important points in the partial-wave anal-
ysis is to define the position of amplitude singularities in
the complex plane of the energy squared. Resonances cor-
respond to pole singularities of the transition amplitude,
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while the production of the two or more particles corre-
sponds to threshold singularities. Every threshold singu-
larity creates two sheets in the complex plane s. In case of
the two-particle amplitude, these sheets may be reached
by different paths: either directly down to the complex
plane or around threshold singularity. For the resonance
cascade decay into three particles, the structure is more
complicated, and different sheets may be reached by the
choice of the integral path in the analytical expressions
for the resonance partial widths given above.

Consider as an example the structure of the singulari-
ties in the decay of a resonance into the π∆(1232) channel.
The imaginary part of the Breit-Wigner pole is defined by
the discontinuity of the diagram shown in fig. 3:

g2
π∆

M2 − s− i g2
π∆ρ3(s)

. (124)

If the intermediate resonance decays into particles 2 and
3 (with momenta k2 and k3, s23 = (k2 + k3)

2), the three-
body phase volume ρ3(s) is defined as follows:

ρ3(s) =

(
√
s−m1)

2

∫

(m2+m3)2

ds23
π

I(s, s23) ,

I(s, s23) =
ρ(s,
√
s23,m1)MRΓ

R
tot

(M2
R − s23)2 + (MRΓR

tot)
2
,

MRΓ
R
tot = ρ(s23,m2,m3)g

2(s23) , (125)

where the ρ-functions are given by eqs. (14), (15).
The function ρ3(s) has two threshold singularities in

the complex plane of the total energy squared s. The first
threshold singularity originates at the squared sum of the
final-state particle masses, at

s = (m1 +m2 +m3)
2, (126)

and physically it corresponds to the possibility of the sys-
tem to decay into three particles (three-particle singular-
ity in the amplitude). Another square-root singularity is
located in the complex plane and starts at

scut = acut − i bcut =
(

√

M2
R − iMRΓR

tot +m1

)2

'
(

MR +m1 − iΓR
tot/2

)2
. (127)

It corresponds to the decay of the system into a particle
with mass m1 and a resonance with complex mass MR −
iΓR

tot/2 (usually, we assume ΓR
tot ¿MR).

If the width of the intermediate state (∆) tends to zero
ΓR
tot → 0, the intermediate resonance turns into a stable

particle, and the contribution from the three-particle cut
disappears. For the energy region above the three-particle
threshold but below the two-particle one,

(m1 +m2 +m3)
2 < s < (MR +m1)

2, (128)

the integrand I(s, s23) does not reach the singular point at
s23 =M2

R, and it is proportional to ΓR
tot. In the energy re-

gion above the two-particle threshold, the contribution of
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Fig. 5. The structure of threshold singularities in the s and
s23 complex planes for the π∆ channel.

I(s, s23) is proportional to the δ-function (see (94)). In the
complex plane s, the two-body cut moves towards the real
axis and finally becomes the only threshold singularity.

The influence of a pole on a point of the physical re-
gion is defined by the distance between the pole position
and this point. The path used for the calculation of this
distance should not cross any cut. Therefore, if the pole
is located on the sheet closest to the physical region, the
minimal distance is defined by the imaginary part of the
pole position. If the pole is located on another sheet, the
minimal distance to the physical region can be estimated
as a sum of distances i) between the pole position and
the beginning of the cut and ii) between the beginning of
the cut and the real axis. Thus, if the pole is located far
from the cut, only its position on the sheet closest to the
physical region is important. However, if the real part of
the pole position is close to acut, see (127), the position on
both sheets can be important to explain the behaviour of
the amplitude. For example, in the decay of a resonance
into the ∆(1232)π channel, the threshold singularity in
the complex plane starts at s ∼ (1370 − i60)2 MeV2 (see
fig. 5). This is very close to the position of the Roper res-
onance. Such a situation should be handled with care.

Let us formulate some rules which can be used to reach
a desirable sheet in the complex s-plane. The sum of inte-
grals taken between the points 1, 2, 3, 4 reaches the sheet I,
which is the closest one to the physical region below acut
(at Re s < acut):

ρ3(s) =

(
√
s1−m1)

2

∫

(m2+m3)2

+

(
√
s2−m1)

2

∫

(
√
s1−m1)2

+

(
√
s3−m1)

2

∫

(
√
s2−m1)2

+

(
√
s4−m1)

2

∫

(
√
s3−m1)2

× ds23
π

I(s, s23). (129)

The sum of integrals taken between points 1′, 2′, 3′, 4′

reaches the sheet II which is the closest one to the physi-
cal region above acut (at Re s > acut). In the s23 complex
plane, the different sheets are reached when the pole at
M2

R − iMRΓ
R
tot is located on different sides of the integra-

tion path (see, for example, the paths A and B shown on
the right panel of fig. 5). The contour integral which can
be constructed from such two paths is equal to the residue
of the pole which is proportional to ρ(s,MR−ΓR

tot/2,m1).
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−20nMeV2, n = 1, 30. For every n the curves are shifted down
by the same step 20MeV2.

This residue provides us with the difference of the ρ3(s)-
function defined on the two sheets. The sheet closest to
the physical region can be reached by the integration per-
formed first over the real axis and then by integrating over
the imaginary axis in the s23-plane. Such an integration
path is close to that given by paths 1, 2 and 1′, 2′ in the
s-plane and is much more convenient for practical use:

ρ3(s) =

sint
23
∫

(m2+m3)2

ds23
π

I(s, s23) +

(
√
s−m1)

2

∫

sint
23

ds23
π

I(s, s23),

sint23 = Re
(√

s−m1

)2
. (130)

When ρ3(s) is calculated with this integral path, the
function Re s has, at fixed Im s, the discontinuity at
Re s = acut if − Im s > bcut. This is demonstrated in
fig. 6 where the real (left-hand panel) and imaginary
(right-hand panel) parts of ρ3(s) are plotted as a func-
tion of Re s at fixed values of Im sn where n = 0, 30,
Im sn = −20MeV2 n. On the physical axis (n = 0), the
real part of ρ3(s) is very small up to acut and the imaginary
part vanishes. At − Im sn < bcut, ρ3(Re s) is a smooth
function while at − Im sn > bcut the function has a dis-
continuity at Re s = acut being defined on different sheets.
We plot real and imaginary parts of ρ3(Re s) for every n
by shifting the curves down by the same value 20MeV2. It
is seen that when − Im sn reaches bcut, the functions have
a well-seen discontinuity.

7 Conclusion

In this paper we present a further development of the
spin-momentum operator expansion approach suggested
initially in [36]. Explicit expressions for cross-sections and
resonance partial widths are given for a large number of
the pion-induced and photoproduction reactions with two
or three particles in the final state. The formulae are given
explicitly as they are used by the Crystal Barrel at ELSA
Collaboration in the analysis of single- and double-meson
photoproduction.
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Appendix A.

The operator X
(n+1)
νµ1...µn can be written as a series of prod-

ucts of metric tensors and relative momentum vectors.
The first term is proportional to the production of rel-
ative momentum vectors k⊥µ , other terms correspond to
the substitution of two vectors by a metric tensor with
corresponding indices, and the coefficients are defined to
satisfy the properties of the operator (29):

X(n+1)
νµ1...µn

(k⊥) = αn+1

[

k⊥ν k
⊥
µ1
k⊥µ2

k⊥µ3
. . . k⊥µn

− k2
⊥

2n+ 1

×
(

n
∑

i=1

g⊥νµi

∏

j 6=i

k⊥µj
+

n
∑

i<j

g⊥µiµj
k⊥ν

∏

m6=i6=j

k⊥µm
+ . . .

)

+
k4
⊥

(2n+1)(2n− 1)

(

n
∑

i,j<m

g⊥νµi
g⊥µjµm

∏

l 6=i6=j 6=m

k⊥µl

+

n
∑

i<k,j<m

g⊥µiµk
g⊥µjµm

k⊥ν
∏

l 6=i6=k
6=j 6=m

k⊥µl
+ . . .

)

+ . . .

]

. (A.1)

Taking into account the tracelessness and orthogonality of
the fermion propagator (50) to γµ, one obtains

Fµ1...µn
α1...αn

γνX
(n+1)
να1...αn

= Fµ1...µn
α1...αn

αn+1k̂
⊥k⊥α1

. . . k⊥αn
. (A.2)

Therefore, for the πN widths of the “−” states:

Fα1...αn

ξ1...ξn

∫

dΩ

4π
iγνγ5X

(n+1)
νξ1...ξn

(

k⊥
) k̂N +mN

2mN
iγ5γη

×X(n+1)
ηβ1...βn

(

k⊥
)

F β1...βn
ν1...νn

= −Fα1...αn

ξ1...ξn
α2
n+1

k0N +mN

2mN

×
∫

dΩ

4π
k̂⊥k̂⊥k⊥ξ1 . . . k

⊥
ξn
k⊥β1

. . . k⊥βn
F β1...βn
ν1...νn

= −Fα1...αn

ξ1...ξn

× α2
n+1

α2
n

k0N +mN

2mN
k2
⊥

∫

dΩ

4π
X

(n)
ξ1...ξn

(

k⊥
)

X
(n)
β1...βn

(

k⊥
)

×F β1...βn
ν1...νn

= Fα1...αn
ν1...νn

αn+1

n+ 1

k0N +mN

2mN
|k|2n+2. (A.3)

Here we used the property (50) as well as the fact that the
integral over even numbers of k⊥µ vectors is equal to zero.
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The convolution of two gamma matrices with the or-
bital operator is equal to zero due to tracelessness and
symmetry properties:

γµ1
γµ2

X(n)
µ1...µn

=gµ1µ2
X(n)
µ1...µn

+σµ1µ2
X(n)
µ1...µn

=0. (A.4)

Here, the second term is equal to zero being the product
of the antisymmetrical and symmetrical tensors.

Other useful expressions are as follows:

Fα1...αn
µ1...µn

γνX
(n+2)
νβα1...αn

(

k⊥
)

=

Fα1...αn
µ1...µn

αn+2

(

k̂⊥k⊥β k
⊥
α1
. . . k⊥αn

− k2
⊥

2n+ 3

(

ng⊥βα1
k̂⊥k⊥α2

. . . k⊥αn
+ γ⊥β k

⊥
α1
. . . k⊥αn

)

)

, (A.5)

F ν1...νn
µ1...µn

∫

dΩ

4π
X

(n+1)
βν1...νn

(

k⊥
)

X
(n+1)
β′ν′

1
...ν′n

(

k⊥
)

F
µ′1...µ

′

n

ν′
1
...ν′n

gββ′

= −Fµ′1...µ
′

n
µ1...µn |k|2n+2 αn+1

2n+ 1
, (A.6)

F ν1...νn
µ1...µn

∫

dΩ

4π
X

(n+1)
βν1...νn

(k⊥) X
(n+1)
β′ν′

1
...ν′n

(k⊥)F
µ′1...µ

′

n

ν′
1
...ν′n

k⊥β k
⊥
β′

= F
µ′1...µ

′

n
µ1...µn |k|2n+4 αn

2n+ 1
, (A.7)

Fµ1...µn
α1...αn

gα1β1
Oα2...αn

β2...βn
F β1...βn
ν1...νn

= (−1)nFµ1...µn
ν1...νn

. (A.8)
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